Introduction
The Burnside Basis Theorem tells us that generating sets for p-groups share many properties with bases for vector spaces. In particular, if G is a p-group then minimal generating sets (that is, generating sets for which no proper subset also generates G) all have the same cardinality. We shall say that an arbitrary group has property B if its minimal generating sets have the same cardinality. A group G is said to have the basis property if G and all its subgroups have property B. The basis property was introduced by P. R. Jones [7] , who considered it in the context of inverse semigroups. The basis property for groups has been considered by a number of authors [1, 2, 7] and we shall mention some of this work below.
A variant of these properties is the concept of a matroid group. This is a group G which satisfies property B and also an additional condition that every independent subset of G is contained in a minimal generating set. Matroid groups have been studied in detail by Scapellato and Verardi [11, 12] (and the reader can also consult these papers for the definition of the term "independent"). In particular, they provide a full characterisation of matroid groups [11, Lemma 1.1 and Theorem 2.5] and it follows from [11, Theorem 1.2] that a matroid group has the basis property. (This latter result also appears in [1] ).
The purpose of this paper is to initiate a study of groups with property B, to provide a pleasant characterisation of groups with the basis property, and to draw attention to the links between property B, the basis property and matroid groups. The characterisation is our main theorem and the various links between these properties will appear in the course of its proof: Theorem 1.1 Let G be a finite group. Then G has the basis property if and only if G is a semidirect product P Q, where P is a p-group, Q is a cyclic q-group, for some prime q = p, and every non-identity element of Q acts fixed-point-freely on P .
We retrieve the case of a p-group having the basis property by taking Q = 1 in our theorem. To say that an element x in Q acts fixed-point-freely on P is to require that the centraliser C P (x) is trivial. When Q = 1, to achieve this condition that every non-identity element acts fixed-point-freely on P , it is of course sufficient that a generator of the unique subgroup of Q of order q acts fixed-point-freely on P .
In view of the isomorphism C mn ∼ = C m × C n for m and n coprime, it follows that a group with the basis property has all its elements of primepower order. Jones [7, Lemma 5.3 and Theorem 5.4] established that the basis property is inherited by quotients and that a group with the basis property is soluble. He notes that Higman [5] classified the soluble groups with all elements of prime-power order. A classification of groups with the basis property based on Higman's result was announced by N. K. Dickson and Jones in [7] , but as far as we can tell this has yet to appear and work has continued on this topic. More recently, A. Al'Khalaf has announced a classification of groups with the basis property, but this is different to our theorem and involves a technical condition on the module structure of various quotients of the p-group P appearing above. The current authors have seen some parts of Al'Khalaf's proof and the methods employed are considerably different to those we employ although, as would be expected, both rely on Higman's result. It therefore seems worthwhile to demonstrate how our classification on the one hand follows from a construction of groups with property B and, on the other, links to classic results on groups with fixed-point-free automorphisms (see, for example, [4, 13] ).
The structure of the paper is as follows. Section 2 contains some theoretical observations concerning groups possessing property B. In particular, we are able to observe that under certain circumstances, property B is inherited by quotients and that a direct product of non-trivial groups has property B if and only if the groups involved are p-groups. In Section 3, we demonstrate a method of constructing, from a finite field, groups with property B and trivial Frattini subgroups. We classify groups G with G/Φ(G) as given by our construction (Theorem 3.4) and note that, in general, such a group G need not have the basis property. However, our construction appears in Proposition 3.3 which provides the link between fixed-point-free action and groups with the basis property. This is a key tool used in the final step of the proof of our main theorem in Section 4.
We shall use standard notation. In particular, Φ(G) denotes the Frattini subgroup of a group G, while C G (x) and N G (H) denote the centraliser of an element and a subgroup, respectively, in G. We shall use d(G) to denote the minimal number of generators of a group G.
Theoretical observations concerning property B
The purpose of this section is to initiate a study of groups satisfying property B. This property is sufficiently weak that a full analysis of such groups appears to be rather challenging. Nevertheless, we are able to make some observations and these will be of use in our classification of groups with the basis property.
Our first observation is elementary and depends only on the fact that the Frattini subgroup is the set of non-generators in a group. 
Proof: When G splits over M , this follows from Lemma 2.2 and its proof. Assume then that G does not split over M . Let
Our assumptions ensure 1 = M ∩ X M X = G and, from the minimality of M , we conclude M X and G = X. Consequently,
(G) and as
A is an arbitrary minimal generating set for G/M , the proof is complete.
Corollary 2.4
If G is a soluble group with property B, then every quotient of G has property B.
We shall see from our construction in Section 3 that there exist groups having property B with subgroups that do not inherit the property. This indicates a principal difference between this property and the more restrictive basis property.
It is tempting to ask whether, in the case of finite groups, property B is always inherited by quotients or even whether a group with B is necessarily soluble. Indeed, it is well-known (via the Classification of Finite Simple Groups) that every non-abelian finite simple group G is 2-generated. On the other hand, if T is the set of involutions in G, then G = T and some subset T 0 of T is a minimal generating set for G. Necessarily, |T 0 | 3, since a group generated by two involutions is dihedral. Consequently, no non-abelian finite simple group has property B. In addition, it is easy to see that a symmetric group S n never has property B for n 4, since it is minimally generated by n − 1 transpositions {(1 2), (2 3), . . . , (n−1 n)} and also by (1 2) together with (1 2 . . . n).
To make progress on whether property B is inherited by quotients and whether it implies solubility, the likely next step would be to establish whether or not a finite almost simple group can have property B. Such an investigation would take us on some detour from our final goal, so we choose to leave that to another time.
Theorem 2.5 A direct product G × H of two non-trivial groups G and H has property B if and only if both G and H are p-groups for some prime p.
Proof:
If G and H are p-groups, then so is G × H and this then has property B by the Burnside Basis Theorem. Conversely, suppose G × H has property B and let A = {a 1 , a 2 , . . . , a d } and B = {b 1 , b 2 , . . . , b e } be minimal generating sets for G and H, respectively. Then Now let X be any generating set for G. We describe two processes to apply to X. First if X contains elements of coprime order, exploit the isomorphism C mn ∼ = C m × C n for m and n coprime, to produce a new generating set X * for G consisting entirely of elements of prime-power order. Secondly, let X be any minimal generating set for G contained in X * . If Y is any generating set for H, we apply the same steps to produce a minimal generating set Y for H consisting of elements of prime-power order. We take A = X and B = Y in the previous paragraph to produce a minimal generating set C for G × H. Since G × H has property B it now follows that there is a prime p such that every element in X and Y is of p-power order. For otherwise, there would exist a ∈ X and b ∈ Y of coprime order and we could replace (a, 1) and (1, b) in C by the element (a, b) to produce a smaller generating set for G × H. If we started with a different generating set for G but applied the same steps to the generating set Y for H, we must necessarily still end up with elements of p-power order. Consequently, the prime p is an invariant of G × H and does not depend on the initial choice of X and Y .
Suppose there exists a prime q = p that divides the order of G. Let x be an element of q-power order and G = x, Z for some subset Z. Applying the above process to X = {x} ∪ Z, we note X * = {x} ∪ Z * and x ∈ X by the previous paragraph. It follows that Z * , and hence Z, generates G. We conclude that x is a non-generator of G and so belongs to Φ(G). It follows that G/Φ(G), and hence G, is a p-group. This is enough to complete the proof.
Constructing groups with property B
In this section, we provide a standard method for constructing a group with property B and trivial Frattini subgroup. We shall give a structural description of groups G such that G/Φ(G) is isomorphic to a group arising from our construction (Theorem 3.4). This description has much in common with the observations made by Scapellato and Verardi concerning matroid groups (see [11, Theorem 3.1] ). However, most significant will be the observation made in Proposition 3.3 linking our construction to fixed-point-free actions. This will turn out to be key in our characterisation of groups with the basis property.
Let V be the additive group of some finite field F p n and let q m be a prime-power that divides p n − 1. If H is the unique subgroup of order q m in the multiplicative group of F n p , then there is a natural action φ : H → Aut V via multiplication, hφ : v → vh, and we can construct the semidirect product G = V φ H. In what follows we shall refer to such a semidirect product as being constructed via the field multiplication in F p n .
We shall observe that G is a group with property B and to do this we shall exploit the structure of V as an F p H-module. The facts given in Lemma 3.1 will be of use. They are all established via standard methods, though it is worth pointing out that they also occur naturally when viewed through the lens of Singer cycles. If t is a generator for the multiplicative group of F p n , then the automorphism v → vt of V is known as a Singer cycle. In this context, our group G is a subgroup of the semidirect product of V by the cyclic group generated by the Singer cycle. Much of the lemma can be deduced from the standard theory (see, for example, Huppert [6, Satz II.7.3] and Neumann-Praeger [9, Lemmas 2.1 and 2.2]).
Let R denote the group algebra F p H and write vR for the submodule of V generated by a vector v. Lemma 3.1 (i) Every element in G has order equal to p or a power of q.
(ii) If v ∈ V , then the kernel of the homomorphism R → V given by r → vr is independent of the choice of v. Hence, if v and w are non-zero vectors in V , then vR ∼ = wR and vR is irreducible.
Theorem 3.2 Let G = V φ H be the semidirect product of an elementary abelian p-group by a cyclic q-group constructed via the field multiplication in F p n . Then
(ii) d(G) = k+1 where V is a direct sum of k irreducible F p H-submodules;
Proof: Let A be an arbitrary generating set for G. We shall show that A possesses a subset of cardinality k + 1 that also generates G. Parts (i) and (ii) will then follow. Let π : G → H be the natural map. Then Aπ generates H ∼ = C q m , so there exists some a 0 ∈ A such that H = a 0 π . Note that V ∩ a 0 = 0 by Lemma 3.1(i). Any further element of A has the form a = va j 0 for some v ∈ V and j = j(a)
| a ∈ A } ⊆ V . Then B ∪ {a 0 } generates G and it is straightforward to verify that V is the sum of the R-submodules bR for b ∈ B. As each non-zero bR is irreducible by Lemma 3.1(ii), we conclude V = The main link between the basis property and semidirect products constructed via field multiplication is the following. Again, it can easily be understood within the theory of Singer cycles, so we keep our proof brief. Proposition 3.3 Let G be the semidirect product of an elementary abelian p-subgroup P by a cyclic q-subgroup Q. Then the following are equivalent:
(i) every non-identity element of Q acts fixed-point-freely on P ;
(ii) G = P Q is constructed via the field multiplication in some finite field F p n .
Proof: (ii) ⇒ (i): In the notation of our construction, the fact that every h ∈ H acts fixed-point-freely on V follows immediately from the fact that if v(h − 1) = 0 in F p n , then either v = 0 or h = 1.
If V is an irreducible F p Q-module upon which every non-identity element of Q acts fixed-point-freely, then V ∼ = F p Q/I for some maximal ideal I with Q ∩ (1 + I) = 1. This quotient ring has the structure of a field such that Q embeds in the multiplicative group as a set of generators for the field. Consequently, V ∼ = F p r where r is minimal subject to q m dividing p r − 1 and Q acts on F p r via the field multiplication. Therefore, if G = P Q satisfies our assumption (i), then we conclude P is the direct sum of k copies, say, of F p r as an F p Q-module and we deduce G is isomorphic to the semidirect product constructed via the field multiplication in F p rk .
Finally in this section, we provide a description of all groups G for which G/Φ(G) is a semidirect product as constructed from a finite field as above.
Theorem 3.4 Let G be a finite group such that G/Φ(G) is a semidirect product of an elementary abelian p-group by a cyclic group of order q m constructed via the multiplication in a finite field. Then (i) G has a unique Sylow p-subgroup P ;
(ii) G = P Q for any Sylow q-subgroup Q and all Sylow q-subgroups of G are cyclic;
(iii) Φ(G) = Φ(P )× x q m where x is a generator for Q. Moreover, x q m centralises P .
Proof: (i) Let P be a Sylow p-subgroup of G. Then P Φ(G)/Φ(G) is a Sylow p-subgroup of G/Φ(G) and our hypothesis tells us P Φ(G) G. Applying the Frattini Argument, we conclude G = N G (P ) and P G.
(ii) Let Q be a Sylow q-subgroup. Our hypothesis on G/Φ(G) ensures that G = P QΦ(G) and hence G = P Q. We conclude G = P Q. Now consider the quotient groupḠ = G/(P ∩ Φ(G)). We shall use the bar notation for subgroups of this quotient. Every maximal subgroup of G contains P ∩ Φ(G) and so we concludeḠ/Φ(Ḡ) ∼ = G/Φ(G). By construction Φ(Ḡ) = Φ(G)/(P ∩ Φ(G)) has trivial Sylow p-subgroup and so is a q-group. Hence Φ(Ḡ) Q . Now let W be any maximal subgroup of Q. Then P W is maximal in G and so Φ(G) P W . SinceW is the Sylow q-subgroup ofPW and Φ(Ḡ) PW , we conclude that Φ(Ḡ) is contained in some, and hence every, conjugate ofW . We deduce Φ(Ḡ) is contained in every maximal subgroup ofQ, so Φ(Ḡ) Φ(Q). It follows thatQ/Φ(Q) is a quotient ofQ/Φ(Ḡ), which is isomorphic to the image of Q in G/Φ(G) and so is cyclic. Therefore Q = x, Φ(Q) for some x and hence Q = x .
(iii) Let θ : Q → Aut P be the homomorphism determined by the action of Q on P . Since Φ(P ) Φ(G), there is a natural homomorphism
The quotients appearing here have the following structures
and so ker π = Φ(P ) x q m /Φ(P ). It follows that Φ(P ) x q m is a normal subgroup of G and hence
It follows that x q m θ C Aut P (P/Φ(P )). A theorem of Philip Hall (see [10, (5.3. 3)]) says that this centraliser is a p-group and hence x q m ker θ; that is, x q m centralises P . It now follows that Φ(G) = Φ(P ) × x q m .
We can now easily construct examples of groups with property B that do not satisfy the basis property. For example, let G = (C 2 × C 2 ) φ C 9 where φ : C 9 → Aut(C 2 × C 2 ) is the composite of the natural map C 9 → C 3 and the homomorphism C 3 → Aut(C 2 × C 2 ) arising in our construction via the field multiplication in F 4 . Let K = ker φ ∼ = C 3 . Then K = Z(G), the centre of G, and this is the unique subgroup of G of order 3. We can then observe K is contained in every maximal subgroup of G, so K Φ(G). On the other hand, G/K is the semidirect product constructed via the field multiplication in F 4 , so Φ(G/K) = 1 by Theorem 3.2(iii). Hence Φ(G) = K. Thus G/Φ(G) has property B and so therefore also does G. It clearly does not have the basis property since it contains a subgroup isomorphic to C 2 × C 2 × C 3 .
Proof of the main theorem
In this section, we shall prove our main theorem. The proof depends upon Higman's result [5] classifying soluble groups where every element has primepower order. In view of this, we shall first establish various results concerning the groups arising, specifically that certain of them never have the basis property.
Groups with generalised quaternion quotient
Lemma 4.1 Let Q be a generalised quaternion group and V be an irreducible F p Q-module for an odd prime p upon which Q acts faithfully. Then the semidirect product V Q constructed from this action has minimal generating sets of cardinality 2 and 3. In particular, V Q does not have property B.
Proof: Suppose Q = a, b where a 2 n−1 = 1, b 2 = a 2 n−2 and b −1 ab = a −1 . Let H = V Q and we shall denote the action of Q on V by exponentiation.
If v is a non-zero vector in V , then certainly {a, b, v} is a minimal generating set for H.
On the other hand, since Q acts faithfully on V , the action of a on V does not commute with the action of b. This means that b is not represented by −I (where I is the identity map), so there exists some v = 0 such that
Therefore L = H and so H has a minimal generating set of cardinality 2, namely {vb, a}. Proposition 4.2 Let G be a group with a non-trivial normal p-subgroup P such that G/P is a generalised quaternion group. Then G does not have property B.
Proof: Let Q be the Sylow 2-subgroup of G, so G = P Q and G is soluble. There exists N G such that Φ(G) N < P and P/N is irreducible when viewed as an F p Q-module. If G were to have property B, then so would G/N ∼ = (P/N ) Q, by Corollary 2.4, and this contradicts Lemma 4.1. Proof: Assume G has the basis property. By passing to a quotient, we can assume P is elementary abelian and irreducible as an F p H-module. Let C = x , D = y and let z ∈ P \ 1. Then {x, y, z} is a minimal generating set for G. (Here we use a, b 1.) However, as G has the basis property, it follows that if h ∈ C, then C P (h) = 1, so P C is a Frobenius group. We may therefore apply part (5b) of Lemma 1 in Mazurov [8] to deduce that G contains an element g of order p a+1 . Let L = y, g . Then P L = G and g p a is a non-identity element of P , so L contains g p a P L = P . Hence L = G and we deduce {y, g} is also a minimal generating set, contrary to assumption.
Groups with metacyclic quotient
Remark: In fact, the group G in Proposition 4.3 does not have property B. To establish this, a similar argument is used and the principal tool is the observation that, in the notation of the proposition, an irreducible F p H-module is either a trivial module or is free when viewed as an F p D-module.
Classification of groups with the basis property
We now describe the structure of finite groups with the basis property. We use the fact that a finite group with the basis property is soluble, as observed by Jones [7, Theorem 5.4] . Proposition 4.4 Let G be a finite group with the basis property. Then G/Φ(G) is a semidirect product constructed via the multiplication in some finite field.
Proof: Let G be a minimal counterexample. Then G is soluble and every quotient of G has the basis property. Therefore minimality forces Φ(G) = 1, since if G/Φ(G) satisfies the conclusion then trivially so does G. In addition, any element of G has prime-power order and we may therefore apply Theorem 1 of Higman [5] . Let p be a prime such that G has a nontrivial normal p-subgroup and let P be a maximal normal p-subgroup of G. Then one of the following cases occurs:
(i) G/P is cyclic of order q k where q is a prime distinct from p;
(ii) p is odd and G/P is a generalised quaternion group; (iii) G/P is a group of order p a q b with cyclic Sylow subgroups where q is a prime of the form kp a + 1.
Proposition 4.2 shows that Case (ii) cannot occur. We shall show that, apart from trivial examples, Case (iii) are impossible and then show that Case (i) leads to the forms claimed in the theorem.
Case (iii): Assume that our minimal counterexample G is as in Case (iii). We shall assume a, b = 0, since otherwise G is actually as in Case (i). As Φ(G) = 1, we deduce Φ(P ) = 1 (see [10, (5.2.13) (ii)]) and so P is an elementary abelian p-group. We claim that P is a minimal normal subgroup of G. If it were not, there is a minimal normal subgroup M of G such that M < P . Then G/M is, by assumption, not a counterexample, is not a p-group as b = 0, and so has a normal Sylow subgroup by Theorem 3.4. If G/M has a unique Sylow p-subgroup, then G/P has normal Sylow subgroups for both primes p and q. Therefore G/P possesses commuting elements of p-power and q-power order, contradicting it having the basis property. If G/M has a unique Sylow q-subgroup, then as P/M is a normal p-subgroup, we obtain a similar contradiction.
Hence P is a minimal normal subgroup of G. As Φ(G) = 1, there is a maximal subgroup H of G such that P H. Then H ∩ P = 1 and G is the semidirect product P H. As H has no element of non-prime-power order, it follows that H is as in Proposition 4.3. Therefore G = P H does not have the basis property.
Case (i):
It remains that G is as in Case (i) and so is a semidirect product of a p-subgroup P by a cyclic q-subgroup Q. Since Φ(G) = 1, so we deduce Φ(P ) = 1 and P is elementary abelian. As G has no elements of non-primepower order, we deduce every non-identity element of Q acts fixed-pointfreely on P . Proposition 3.3 establishes that G is constructed via the field multiplication in some finite field.
This completes the proof of Proposition 4.4.
We can now finish the proof of Theorem 1.1. If G has the basis property, then applying Proposition 4.4 and Theorem 3.4 tells us that G = P Q where P is a p-group and Q is a cyclic q-group. The basis property ensures that every non-identity element of Q acts fixed-point-freely on P .
Conversely, suppose G = P Q, where P is a p-group, Q is a cyclic q-group for some prime q = p and every non-identity element of Q acts fixed-point-freely on P . These properties are inherited by any subgroup of G, and so in order to show that G has the basis property, it is sufficient to show that it has property B.
First, it is straightforward to apply the theory of p -automorphisms of p-groups (see, for example, Section 5.3 in Gorenstein [3] ) to deduce that every non-identity element of Q acts fixed-point-freely on P/Φ(P ). Proposition 3.3 tells us that G/Φ(P ) ∼ = P/Φ(P ) Q is constructed via the multiplication in some finite field. Theorem 3.2(iii) together with [10, (5.2.13)(ii)] show that Φ(G) = Φ(P ). Hence G/Φ(G) has property B by Theorem 3.2(i) and so G has property B.
This completes the proof of the main theorem.
